Introduction and Motivation
A definition for the Schur multiplier of a group G is as the abelian group M(G) = (R ∩ F ′ )/[R, F ] in which F/R is a free presentation of G. In 1956, J.A. Green [5] showed that the order of the Schur multiplier of a finite pgroup of order p n is bounded by p n(n−1) 2
, and hence equals to p n(n−1) 2 −t , for some non-negative integer t. Ya.G. Berkovich [1] , X. Zhou [11] , G. Ellis [4] and P. Niroomand [8, 9] determined the structure of G for t = 0, 1, 2, 3, 4, 5 by different methods.
A pair of groups (G, N) is a group G with a normal subgroup N. In 1998, Ellis [3] defined the Schur multiplier of a pair (G, N) of groups to be the abelian group M(G, N) appearing in the natural exact sequence
in which H 3 (G) is the third homology of G with integer coefficients. He mentioned that this notion is a useful tool for studying pairs of groups. He also gave an upper bound for the order of the Schur multiplier of pairs of finite groups. It is interesting to know for which classes of pairs of groups the structure of the pair (G, N) can be completely described in terms of the order of M(G, N). In 2004, Salemkar, Moghaddam and Saeedi [10] tried to answer to this question for a pair of finite p-groups and proved the following theorem.
Theorem 1.
( [10] ) Let (G, N) be a pair of groups and K be the complement of N in G, with |N| = p n and |K| = p m . Then the following statements hold:
In this paper we extend the above theorem and characterize the structure of the pair (G, N) of finite p-groups in terms of the order of M(G, N) in more cases. Let G, N and K be as in Theorem 1 and |M(G, N)| = p 1 2 n(2m+n−1)−t . Then we prove t = 0 if and only if N is trivial or (G, N) is a pair of elementary abelian p-groups. Also, we determine the pair (G, N), for t = 1. Moreover, we give the structure of (G, N) for t = 2 and t = 3, when K is a normal subgroup of G. The main results of this paper are somehow generalizations of the results of [1] , [11] and [4] to the pair of finite p-groups
Preliminaries
Let (G, N) be a pair of groups. We recall that a relative central extension of the pair (G, N) consists of a group homomorphism σ : M → G, together with an action of G on M, such that
The G-commutator subgroup of M is defined to be the subgroup [M, G] generated by the G-commutators [m, g] = m −1 m g for all g ∈ G, m ∈ M and the G-center of M is the central subgroup
Also, the subgroup Z 2 (M, G) is defined by
A pair (G, N) is said to be capable if it admits a relative central extension σ : M → G with ker σ = Z(M, G). Note that a group G is capable precisely when the pair (G, G) is capable.
We call a pair (G, N) an extra special pair of p-groups when Z(N, G) and [N, G] are the same subgroups of order p. Also, we need to recall the definition of a covering pair. 
The following theorem plays an important role to prove the main results. 
We recall from [6] 
A useful consequence of this fact is as follows.
We use the following theorems in the next section. Here D denotes the dihedral group of order 8, Q denotes the quaternion group of order 8 and E 1 and E 2 denote the extra special groups of order p 3 with odd exponent p and p 2 , respectively. 
the following statements hold:
Main Results
In this section we always assume that (G, N) is a pair of finite p-groups such that K is the complement of N in G, with |N| = p n and |K| = p m , and hence |M(G, N)| = p 1 2 n(2m+n−1)−t , for some t ≥ 0. Salemkar, Moghaddam and Saeedi [10] proved that if t = 0 and G is abelian and N is elementary abelian, then G is elementary abelian. The first main result of this paper gives a suitable extended version of the above result similar to Berkovich's one [1] .
Theorem 10. With the previous assumptions and notation, t = 0 if and only if N is trivial or (G, N) is a pair of elementary abelian p-groups.
Proof. Using Theorem 3, we have It is easy to see that for any k ∈ K, the map ϕ k : N * → N * , defined by ϕ k (n * ) = n * k , is an automorphism of N * . Therefore, using the homomorphism ψ : K → Aut(N * ), given by ψ(k) = ϕ k , we can define a semidirect product of N * by K, denoted by G * . It is straightforward to check that the subgroups [N * , G] and Z(N * , G) are contained in [N * , G * ] and Z(N * , G * ) respectively. Then the map δ :
n(2m+n−1) by Theorem 7. This implies that Proof. Using the fact that Z(N, G) = Z(G) ∩ N, the result follows.
Salemkar, Moghaddam and Saeedi [10] proved that if t = 1 and (G, N) is non-capable, then G ∼ = Z p 2 . The second main result of this paper gives a vast generalization of the above result similar to Berkovich's one [1] . N) is an extra special pair of groups which is capable.
Theorem 12. With the previous assumptions if t = 1, then one of the following cases holds:
Proof. Choose N * , G * and A as in the proof of Theorem 10. We divide the proof in two cases:
This implies that n + m ≤ 2. Since t = 1, by Theorem 10 we have n = 0 and G is not an elementary abelian p-group. Therefore we have 
and n(m − d(K)) = 1. Therefore n = 1 and d(K) = m − 1. In other words, N ∼ = Z p and K is any group with
which by Corollary 4 and Theorem 6 we must have n = 1 which is a contradiction.
With an additional condition we will be able to state the reverse of the above theorem as follows. Proof. By the assumption K is normal and so G ∼ = N × K. Hence by Corollary 4 we have
Necessity is clear by the above equality. For sufficiency, first we suppose that N is an elementary abelian p-group. Then N ∼ = Z p n and
On the other hand we have
Now suppose that N is not elementary abelian. Then using (1) we have Our third main result is somehow a generalization of the Zhou's one [11] to the pair of finite p-groups. Proof. Since K is a normal subgroup, we have G ∼ = N × K. Hence by Corollary 4, (1) holds and necessity follows. For sufficiency, we proceed as in Theorem 13. First suppose that N is an elementary abelian p-group. Then
On the other hand, we have
Hence mn − 2 = nd(K) and so n(m − d(K)) = 2. It follows that n = 1 or n = 2. If n = 1, then N ∼ = Z p and K is any group
Now suppose that N is not an elementary abelian p-group. Then (1) implies that |M(G, N)| < p 
. Therefore the equality (1) implies that |M(N)| = p 1 2 n(n−1)−1 . Now using Theorem 5 we have N ∼ = Z p 2 or N ∼ = E 1 . This completes the proof.
Finally, our last main result is somehow a generalization of the Ellis' one [4] to the pair of finite p-groups.
Theorem 15. Let K be a normal subgroup of G. Then t = 3 if and only if G ∼ = N × K with one of the following cases:
Proof. Necessity is straightforward. The proof of sufficiency is similar to the proof of previous theorems. Suppose that N is an elementary abelian p-group. Since t = 3, we have p (n 2 +n−6) which implies that n ≤ 2. Therefore N ∼ = Z p 2 . This completes the proof.
